A high density of weakly interacting quasiparticles can initiate a phase transition into a macroscopic Bose-Einstein condensate (BEC). Theory predicts that magnon condensation is unstable in extended ultrathin insulating magnets of yttrium iron garnet (YIG). Here, we introduce a novel method to overcome this limit and obtain a magnon BEC for a short time in an ultrathin film by using spatial confinement. We predict how dipolar interactions and nonlinear magnon scattering assist in the generation of a metastable magnon BEC in quantized nanoscopic systems. We verify our predictions by using numerical simulations and demonstrate the generation of magnon BEC in nanoscopic YIG microconduits. We directly map out the nonlinear magnon scattering processes behind this phase transition to show how fast quantized thermalization channels allow the BEC formation in confined structures. Our results provide new insight into strongly nonlinear spin dynamics in ultrathin film structures and introduce a mechanism to enhance the stability of magnon BEC in nanoscale systems.
Introduction---Bose-Einstein condensates (BEC) are exotic quantum states of matter [1] [2] . The associated phase transition manifests as an abrupt macroscopic growth in the population of particles in the quantum ground state. Similar phenomena occur for bosonic quasiparticles (QPs) which are elementary excitations of a solid-state system, such as photons, excitons, polaritons, and magnons [3] [4] [5] [6] [7] [8] . Magnons, the quanta of spin-waves (SWs) carrying a quantized amount of energy and momentum, are the low energy spin excitations of a magnetically ordered system [9] .
Starting with the first observation of nonequilibrium magnon BEC in macroscopic Yttrium Iron Garnet (YIG) films at room temperature, almost all experimental studies consider similar system sizes, see e.g., Refs. [6] [7] [8] [10] [11] [12] . Indeed, YIG films are the most suitable hosts to explore similar phenomena due to their ultra-low magnon relaxation rates [13] . However, the use of relatively thick films does not allow the investigation of this phenomenon in quantized states since the magnon bands in these systems are quasi-continuous and show crossings and hybridization [13] [14] . This limitation prevents an explicit understanding of the nonlinear scattering processes (e.g. among modes) that leads to the formation of a magnon BEC. Moreover, the spectral limitations of the experimental techniques hinder a full understanding of the details of the nonlinear scattering processes behind this phenomenon. Furthermore, the presented analytical models use many approximations since the inclusion of all magnon modes and nonlinear interactions is challenging, see e.g., Ref [8, [11] [12] [15] [16] .
To overcome these challenges, downscaling macroscopic systems toward nanometer sizes to enhance the quantization of the magnon energy levels is necessary [17] [18] . Downscaling is also important for applications such as data transport via spin superfluidity [19] [20] [21] [22] [23] [24] [25] . However, recent works claim that the magnon BEC is unstable in extended nanoscopic YIG films due to the presence of attractive magnon-magnon interactions that causes depletion of the BEC [26] [27] . These claims called into question the research in this direction until the recent discovery of a magnon BEC in a confined nanoscopic YIG thin film structure [28] . These findings raised the fundamental question whether the confinement may enhance the magnon BEC stability in nanoscopic systems.
In this Letter, we address this central question and show that the confinement enhances the stability and increases the lifetime of the nonequilibrium magnon BEC in ultrathin YIG structures. Indeed, such a metastable state is influenced significantly by the dipolar interactions [26] . Therefore, since the effects of dipolar interactions can be more pronounced if the lateral dimensions of a YIG thin film structure are confined, we predict that a magnon BEC can form for a longer time.
We verify our prediction by solving the Landau-Lifshitz equation including Gilbert damping and thermal excitations in the geometry of a nanoscopic YIG microconduit. We show that the injection of a sufficiently high density of magnons using parametric pumping leads to a sequence of nonlinear scattering processes that redistribute the energy among magnon states and form a magnon condensate. We map out the sequences of the scattering processes and show that the thermalization time of the magnons in confined systems with dilute spectra is much smaller than in macroscopic samples [8] .
We note that the existence of a metastable BEC with attractive interactions between bosonic particles has been confirmed experimentally and theoretically in confined geometries [29] [30] [31] .
Theory---We consider a magnetic thin film strcuture with periodic boundary conditions in the x-direction, a finite thickness d in the z-direction, and a finite width ‫ݓ‬ in the y-direction, as shown in the inset of Fig. 1 . If the system is magnetized along the x-direction and magnons propagate parallel to the magnetization direction, the lowest magnon energy band (݊ = 0) reads [17, 32] ,
where ݇ ௫ is the longitudinal component of the wavevector along the magnetization vector , ߱ ு = ‫,ܤߛ‬ ߱ ெ = ߛߤ ‫ܯ‬ ௦ , ߛ is the gyromagnetic ratio, ‫ܣ‬ ୣ୶ୡ୦ and a saturation magnetization Ms. Here, ‫ܨ‬ ೣ ௬௬ and ‫ܨ‬ ೣ ௭௭ are the y and z components of the demagnetization tensors, respectively [17] . In this Letter, we consider a YIG film with a fixed thickness of d = 85 nm, Aexch = 3.5 pJ/m, Ms=140 kA/m and a Gilbert damping of α = 0.0002 [17] [18] . Figure 1 compares the lowest magnon mode of an infinitely extended film (blue curve) with the dispersion relations of two laterally confined conduits with a width of w = 5 µm (red curve) and w = 1 µm (black curve). The interplay between the dipolar and exchange interactions leads to the appearance of an energy minimum in the frequency spectrum denoted as fmin, at ݇ ௫ = ±ܳ, the band bottom which corresponds to the quantum ground state of this system. More interestingly, the lateral confinement leads to an enhanced dipolar interaction along the propagation direction and consequently a deeper band depth. We define the band depth as the difference between the band bottom of the lowest mode and the ferromagnetic resonance (FMR) frequency as Δf = fFMR -fmin shown by the dashed arrows in Fig. 1 .
As reflected by the observed finite lifetime of the magnon BEC [8, 28] , the magnon BEC is a metastable state with respect to thermal activations or decay to the excited states [26] . This causes lower and upper limits of the magnon density required to form and destroy a magnon BEC, respectively. It is expected that its lifetime is enhanced in systems with a deeper band depth. This is caused by the fact that in such a system, there is a large energy separation between the condensate state at the band bottom and the excited states (e.g. externally injected magnons or magnons scattered to higher energies than the quantum ground state) that cannot be exceeded by the magnon-magnon scattering within the weak interaction regime once the BEC is established [7] [8] 26] . In our case, this is equivalent to systems with narrower lateral dimensions, i.e., a system with enhanced dipolar interactions along the propagation direction. Therefore, we expect that under this condition, the magnon condensate forms during a finite time period which is influenced by the band depth. In the following, we verify this hypothesis.
Micromagnetic Simulations---We use MuMax 3.0 open source GPU-based software to numerically solve the LLG equation with thermal noise [33] [34] . The system is a YIG microconduit with a thickness of d = 85 nm and a lateral width of w = 1 µm as shown in Fig. 2a . A microwave pumping pulse with a duration of tpump = 50 ns with a carrier frequency of fp = 4.2 GHz is applied to the simulated microwave stripline (placed on top of the conduit) whose dynamic Oersted fields leads to parametric generation of the magnons at fp /2 = 2.1 GHz that is slightly below the FMR frequency [35, [36] [37] . This process has been studied experimentally and numerically in Ref. [37] . After the pumping pulse, we let the system relax for trelax = 50 ns. We analyze the data during the pumping and relaxation periods separately. More details about the simulations can be found in [34, 37] .
We first set the microwave current to irf = 12 mA, which produces a pumping field with an amplitude of µ0hp = 8.9 mT that is well above the threshold of the parametric generation of magnons in the system [37] . In Fig. 2c , the frequency spectrum directly shows the parametrically generated magnons at fp/2. The magnon band structure under this pumping field as displayed in Fig. 2d shows that these magnons predominantly populate the dipolar branch of the first mode, due to its large ellipticity and highest coupling to the pumping field [37] [38] .
Next, we increase the microwave current to irf = 15 mA (µ0hp = 11.2 mT) in order to generate a higher density of magnons. Indeed, if the induced magnon density is high enough, nonlinear fourmagnon scattering becomes pronounced [6] [7] [8] . Such nonlinear scattering processes, indicated by blue arrows in Fig. 2e , obey energy and momentum conservation laws [7-8, 35, 39] ,
(
where two incoming magnons with frequencies ωi and momenta ℏ scatter into two outgoing magnons with frequencies ωj and momenta ℏ . However, the total number of magnons during this process is constant. We can distinguish two types of four-magnon scattering processes in the system as presented in Fig. 2f : i) four-magnon scattering processes in which two incoming magnons with frequency fp/2 and with opposite momenta are scattered into two outgoing magnons at the same frequency but with different momenta. This frequency-conserving scattering process only occurs for parametrically injected magnons as indicated by light orange arrows in Fig. 2f; and ii) four-magnon scattering processes in which two magnons with a frequency of fp/2 and different momenta scatter to two outgoing magnons with different frequencies and momenta. This frequencynonconserving magnon scattering process involves all magnons in the system, i.e., both parametrically injected and scattered magnons, as indicated by red arrows in Fig. 2f .
Such four-magnon scattering processes are essential for the thermalization of the magnon gas and formation of a magnon condensate at the bottom of the band [7] [8] . Here, we should emphasize that we do not observe a high density of magnons at the band bottom during the pumping, see Fig. 2f . Furthermore, we note that since the lowest frequency fmin in our system fulfills 2fmin>fp/2, three-magnon scattering processes to the band bottom (where the condensation is expected) are prohibited. In order to observe a notable amount of condensed magnon at the global energy minima fmin at ݇ ௫ = ±ܳ, we increase the microwave pumping current further to irf = 20 mA. We plot the band structure of the magnons during the pumping (Fig.  2g ) and relaxation (Fig. 2h ). Comparing Fig. 2g and Fig. 2h reveals how the energy redistribution occurs in the frequency-momentum space and how the parametrically injected magnons condense to the band bottom once the pumping is switched off. Figure 2g demonstrates that the system under pumping possesses a strong redistribution of the energy to the entire spectrum, as discussed above. Once the pumping is switched off (Fig. 2h) , most of the magnons start to condense at the two global minima of the magnon dispersion at ݇ ௫ = ±ܳ, as will be discussed in the following.
To elaborate on how this cascade of nonlinear four-magnon scattering processes occur in the absence of pumping, we present the frequency spectrum of the microconduit in Fig. 3a corresponding to Fig. 2h . The condensation at the band bottom is evident as a peak with the highest amplitude. Additionally, the peaks at higher frequencies indicate avalanche-like multi-level scattering processes.
To further illustrate the details of these scattering mechanisms, in Fig. 3b we present the levels of the four-magnon scattering processes in which the numbers correspond to the frequencies of magnon peaks as displayed in the frequency spectrum in Fig. 3a . Although higher-level scattering processes also occur, for simplicity, we only discuss the first, second and one of the third levels of scattering which are indicated by blue, red and green arrows, respectively.
First, the parametrically generated magnons undergo a multi-level set of four-magnon scattering processes (see blue arrows). Next, each scattered pair of magnons undergoes a second four-magnon scattering process individually as illustrated by the red arrows. This sequence continues to higher levels. For example, the third order as displayed by green arrows, shows scattering towards both higher frequencies and the band bottom. Finally, the population of the magnons at the band bottom increases significantly, and due to their long lifetime, a condensate at the band bottom forms.
In order to investigate the speed of magnon thermalization upon switching off the pumping, we present in Fig. 3c the temporal evolution of the amplitude of the magnons at fp/2 (blue curve) and condensed magnons (red curve). We now let the system relax for trelax = 200 ns. This figure demonstrates that during the pumping, the number of parametrically injected magnons increases rapidly, whereas the number of magnons at the band bottom increases slowly. Once the pumping is switched off, the parametrically injected magnons decay rapidly within only tdecay = 5 ns. However, in an opposite manner, the number of magnons at the band bottom increases dramatically within trise ~ 5 ns after the pumping has been switched off and only starts to decay afterwards. The thermalization time of approximately 5 ns that we observe is much faster than previous reports on bulk samples [8, 10] . This can be explained by the quantized spectrum of the system. In addition, the decay time of the condensed magnons at the band bottom is tdecay = 94 ns, which is shorter than the analytically calculated lifetime for linear (low amplitude) magnons at this spectral position (tlifetime ~ 220 ns). We believe that such a difference is caused by the three-magnon confluence process of the condensed magnons as shown by 2fmin in Fig. 3a , in addition to nonlinear scattering processes near the band bottom as discussed above, which can open extra channels for magnon dissipation [8, 25, 36] .
It is important to mention that the condensate has a shorter lifetime and requires a longer thermalization time to form in a conduit with a larger width, see supplemental materials [34] . This is caused by the fact that the laterally larger conduit has a shallower band depth (smaller Δf) and, consequently, a smaller energy distance between the condensed states at the bottom and the excited states [34] , in agreement with our initial prediction.
We now vary the pumping field amplitude to study systematically the threshold dependence of the dynamics in the system. Figure 3d represents the amplitude of parametrically generated magnons during pumping (red circles), the nonlinear frequency-nonconserving four magnon scattering processes during the pumping (blue triangles), and the amplitude of condensed magnons during relaxation (green triangles). At irf = 10 mA, the amplitude of the generated magnons at fp/2 starts to grow exponentially with the microwave field amplitude. This point is the onset of the parametric magnon generation instability [37, 38] . Increasing the microwave current increases the amplitude of the parametrically generated magnons. However, this trend changes at irf = 11.5 mA since a kink occurs in the growth rate of the parametrically generated magnons and their growth rate gets decreased by further increasing the current from this point, indicated by the black arrow [38] [39] . This kink is caused by the onset of the frequencynonconserving four magnon scattering processes which start to grow starting at this microwave current. More interestingly, the condensed magnon state also possesses a clear threshold, irf = 13.5 mA, which is above the threshold of the explained fourmagnon scattering processes.
It is important to note that a higher density of the injected magnons eventually destroys the condensed state, since the amplitude of the magnonmagnon interactions will be large enough to overcome the distance between magnons in the condensed state to the excited modes, in agreement with the initial prediction, see supplemental materials [34] .
In conclusion, we have proposed a new way to enhance the lifetime of nonequilibrium magnon condensates in magnetic thin films by lateral confinement. We revealed the role of dipolar interactions in the generation of a magnon BEC as a metastable state in YIG ultrathin film structures. We showed that increasing the density of the parametrically injected magnons leads to the formation of a gaseous state involving weakly interacting magnons. Such a highly excited system establishes a magnon condensation at the bottom of the lowest magnon mode (quantum ground state) during relaxation. Our results corroborate that the magnon condensation forms and its lifetime is enhanced if the two following criteria are addressed: i) the density of the magnons is high enough to allow the onset of frequency-nonconserving fourmagnon scattering processes and formation a magnon gas, and ii) the band depth, i.e. the distance between the global minimum and the ferromagnetic resonance should be enhanced by lateral confinement. Our results determine that the thermalization time in a system with a diluted spectrum is much faster than in bulk samples with hybridized magnon mods, in agreement with recent observations [28] . Our study provides a new way to obtain magnon condensation phenomena in nanoscopic confined geometries, and will motivate further experimental efforts to observe this effect.
